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Abstract: We discuss the possible realisation in string/M theory of the recently discov¬ 
ered family of four-dimensional maximal SO (8) gauged supergravities, and of an analogous 
family of seven-dimensional half-maximal SO {A) gauged supergravities. We first prove a 
no-go theorem that neither class of gaugings can be realised via a compactification that 
is locally described by ten- or eleven-dimensional supergravity. In the language of Double 
Field Theory and its M theory analogue, this implies that the section condition must be 
violated. Introducing the minimal number of additional coordinates possible, we then show 
that the standard S^ and S"^ compactifications of ten- and eleven-dimensional supergravity 
admit a new class of section-violating generalised frames with a generalised Lie derivative 
algebra that reproduces the embedding tensor of the 50(4) and 50(8) gaugings respec¬ 
tively. The physical meaning, if any, of these constructions is unclear. They highlight a 
number of the issues that arise when attempting to apply the formalism of Double Field 
Theory to non-toroidal backgrounds. Using a naive brane charge quantisation to determine 
the periodicities of the additional coordinates restricts the 50(4) gaugings to an infinite 
discrete set and excludes all the 50(8) gaugings other than the standard one. 
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1 Introduction 


It was only recently realised [1] that the classic four-dimensional J\f = 8 gauged SO{8) 
supergravity theory of de Wit and Nicolai [2] was actually one point in family of theories 
parametrised by an angle 0 < w < The de Wit-Nicolai theory famously arises as a con¬ 
sistent truncation of eleven-dimensional supergravity on a round seven-sphere [3, 4]. A nat¬ 
ural question is whether all the theories in the family can be realised in higher-dimensional 
supergravity, or, more generally, as string or M theory backgrounds, a possibility that has 
been investigated by a number of authors [5-9] ^ . 

In this paper, we first prove, using the formalism of -£' 7 ( 7 ) xM'*' generalised geome¬ 
try [13-15], that only the de Wit-Nicolai theory can be realised in eleven dimensional 
supergravity. In fact the result is slightly stronger: the generic gaugings cannot be realised 
in any compactification that is locally described by eleven-dimensional or type II super¬ 
gravity. Thus T- and U-fold geometries [16], that is backgrounds which are patched using 
T- or U-duality symmetries as for example in [17-21], are also excluded. In the language 
of Double Field Theory (DFT) [22] and its M theory analogue [23], it translates into the 
condition that the theories cannot be realised without violating the so-called “strong con¬ 
straint” in DFT or the strong form of the “section condition” [13, 24] in the M theory 
analogue. For Scherk-Schwarz reductions in DFT, it was shown in [25] that the weak form 
of the DFT constraint implies the strong form. A corresponding statement for extended 
geometries for the exceptional groups would then imply that the new gaugings must also 
violate the weak constraint. In the string theory case this corresponds to violating modular 
invariance. Such a no-go theorem is not an unexpected result, and a partial proof, apply¬ 
ing only to SL{8,M) subgroups of the full xM+ structure group, has already appeared 
in [7]. 

In the second part of the paper we find a realisation of generic gaugings, using a minimal 
extension of conventional geometry, that explicitly violates the weak form of the section 
condition. We use the idea that the generalised Lie derivative algebra can still, in some 
cases, close on a set of frames that violate the weak constraint [25, 26]. The new gaugings 
were originally constructed using the embedding tensor formalism [27]. Finding an uplift 
translates geometrically into finding a generalised frame, which, under the generalised Lie 
derivative, reproduces the embedding tensor algebra. We showed in [15] that the consistent 
truncations on the standard 5^ background considered by de Wit and Nicolai [3] can 
be interpreted in generalised geometry as admitting precisely such a “generalised Leibniz 
parallelisation”. As in conventional Riemannian geometry, a given background admits a 
family of different frames. In the case in hand these frames are related by local SU{ 8 )/'L 2 
rotations. The new result here is that the same standard 5^ geometry admits a family of 
section-violating generalised frames that, using the standard expressions for the generalised 
Lie derivative [13], reproduce the algebra of the full family of SO{8) gauge theories. 

^Very recently [10], this question was also considered for the ISO{7) gaugings of N = 8 supergravity. 
Here, the family of gaugings consists of only two points [8]: a purely electric gauging [11] and a dyonic 
gauging. These arise as consistent truncations on S® of type IIA [12] and massive type IIA supergravity 
respectively [10]. 
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There is a family of 50(4) gaugings in seven-dimensional half-maximal supergrav¬ 
ity [28, 29] that closely parallels the 50(8) gaugings of [1]. A limiting case is the standard 
50(4) gauging that arises from an 5^ compactification of = 1 ten-dimensional super¬ 
gravity and corresponds to the near-horizon limit of multiple NS hvebranes. Again, as we 
show in appendix A, there is a no-go theorem that the generic gaugings cannot be lifted to 
any locally geometric background. The strong constraint of DFT must again be violated, 
and, following [25], hence also the weak constraint. An earlier proof, using a slightly dif¬ 
ferent notion of geometrical, was given in [29]. The authors of [29] further give an explicit 
frame, violating the weak constraint, that reproduces the embedding tensor algebra of the 
generic gaugings. In this paper, we give an alternative realisation, showing that, in analogy 
with the 5^ case, the conventional 5^ background actually admits a family of generalised 
frames that violate the weak constraint but reproduce the embedding tensor algebra. 

The 50(4) example is useful as it highlights several of the issues that arise in the 
50(8) case in a much simpler purely string theory context. In particular, the standard 5^ 
background is just an 50(2) WZW model. Doubled geometries based on group manifolds 
have been discussed in [30, 31], and the relation betweens these models, DFT and T-folds 
in the case of SU (2) has been discussed very clearly in [32]. More recently a new version of 
DFT was derived for WZW backgrounds [33], giving an alternative description of the new 
gaugings. This connects to perhaps the most straightforward approach which is to find an 
explicit string conformal field theory description of the gaugings. The natural candidate 
suggested in [33] is an “asymmetric” SU{2) WZW model with different levels on left and 
right. However this does not admit a modular-invariant partition function [34], reflecting 
a violation of the weak constraint. 

By definition, considering a frame that violates the section condition means that we are 
considering an “extended spacetime” with additional coordinates, as in DFT. For example, 
in the full M-theory version one would, in the context of 50(8) gaugings, replace the 
internal seven-dimensional supergravity manifold with some 56-dimensional space. There 
is a long history of introducing such extended spaces, and some reviews and references are 
given in [35-38]. This extended spacetime picture is in constrast to generalised geometry, 
where one considers structures on an extended generalised tangent space but the underlying 
manifold remains the conventional seven-dimensional one. 

The physical interpretation, if any, of these extra coordinates for generic backgrounds 
remains an open question. DFT began as a theory describing d-dimensional toroidal string 
backgrounds, where the extended space A is 2(i-dimensional space with a global flat 0{d, d) 
metric, and the extra coordinates come from the winding states of the string [22] . Locally 
the section condition implies that all the fields are independent of half the coordinates and 
formally the field equations then reduce to those of the NSNS sector of type II supergravity 
in d dimensions. However, globally one can also have more interesting configurations of 
the T-fold type, and it is the realisation of such exotic backgrounds, along with the torus 
T-duality, within an extended geometry that was the main motivation for the formulation. 
Subsequently the equations of DFT have been applied to much more general configura¬ 
tions, irrespective of whether any corresponding string winding modes exist. In addition, 
as already mentioned, study of WZW backgrounds suggests that the equations of DFT, 
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including the section condition, may be more involved than those that appear from toroidal 
backgrounds [33], such that DFT is potentially background dependent. 

A number of questions naturally arise when attempting to extend DFT and its M- 
theory version to non-toroidal backgrounds [38-43], most fundamentally perhaps, what 
the additional coordinates correspond to if there are no winding states. The fact that 
under the strong constraint the equations are formally equivalent to generalised geometry 
and hence supergravity suggests that, in this limit at least, DFT gives a valid description. 
However, even in this case the situation is actually more subtle. In generalised geometry 
the 0{d,d) metric and generalised Lie derivative exist on an extended tangent space over 
a conventional d-dimensional manifold. In DFT, one must extend these structures over 
a suitable doubled space X and this is generically problematic. The condition that all 
the fields are independent of half the coordinates defines a foliation, such that the d- 
dimensional conventional spacetime M appears as the quotient of X by the action on the 
leaves (c.f. [40]). In addition, the doubled space is typically required to admit a flat 0{d, d) 
metric. The existence of the metric and foliation structure is quite restrictive, and implies 
the existence of certain additional structures on M. Even dropping the requirement that 
the metric is flat does not allow one to describe generic supergravity backgrounds [42]. This 
has led to the suggestion that the doubled space is in some sense not a manifold [39], perhaps 
admitting some non-associative structure [37]. As noted in [38], a key problem is that there 
is no embedding of the algebra of the generalised Lie derivative into the conventional Lie 
derivative algebra on the doubled space X. An alternative interpretation [38] is that, patch 
by patch, the 0{d,d) metric and generalised Lie derivative are defined not on X but on 
the d-dimensional quotient space as in generalised geometry. 

In addition, violating the weak constraint appears to be a radical step, since, at least 
in the original derivation for toroidal backgrounds, it implies violating level matching, 
and hence modular invariance. Generally the strong constraint is a necessary condition 
for the generalised Lie derivative to reproduce the closed algebra of diffeomorphisms and 
form-field gauge transformation of supergravity, the so-called generalised diffeomorphisms. 
Following [25, 26], it is possible to require only that a fixed generalised frame exists, giving 
a closed algebra under the generalised Lie derivative, in which case examples violating the 
strong (and weak) constraint can be found, and this is essentially the approach we adopt. 
However, it is important to note that in this case, only a hnite dimensional algebra of 
symmetries survives, and this is not a subalgebra of some larger infinite dimensional space 
of generalised diffeomorphisms. As such the conditions for closure are considerably weaker. 

As should be clear from this discussion, finding an uplift of gauged supergravity to 
some extended spacetime theory is very far from providing a proof that the model can be 
realised in string or M theory. Our own position is that we remain sceptical about the 
physicalness of the extended coordinates of DFT and its M theory cousin beyond toroidal 
backgrounds, even with the section condition satisfied. That said, here we will attempt 
to give at least an internally consistent, minimalist approach to defining the extended 
geometry. We do not introduce the full set of doubled or extended coordinates, but only 
a minimum number, required to realise the algebra and such that the relevant 0(3, 3) or 
structures, along with the generalised Lie derivative, can be explicitly defined in a 
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covariant and global way. Thus our discussion can partly be viewed as an exercise in seeing 
what additional structures must be present when requiring the extended space to exist. 
Whether these descriptions are in any way physical remains an open question. 

The situation is clearest for the example, where, following [32], we treat the extended 
space as T-fold, with the extra coordinate dual to strings wrapping the Hopf fibre, giving 
us confidence in the validity of the extended geometry. However the issue of the physical 
meaning of violating the strong (and weak) constraint remains. For the case the physical 
interpretation of the extra coordinates, while potentially related to wrapped DO-, D2-, D4- 
and D6-branes under the reduction to the type IIA on CP^, is actually considerably less 
clear. This is because the moduli spaces of the wrapped branes, other than for DO-branes, 
are not the geometrical CP^ and, unlike the T-fold case, there are no duality symmetries 
exchanging the different types of brane. In both cases, the brane interpretation hxes 
the periodicities of the extra coordinates and hence the global structure of the extended 
space. Interestingly, we then find that only a discrete, infinite, set of the non-geometric 
frames in case are globally dehned (some of these also survive the quotient to the Lens 
space S'^/'Lp). For the S'^ cases only the original geometrical frame is global, however, as 
mentioned, the brane interpretation of the extended geometry is much less well motivated 
in this case. 

The structure of the paper is as follows. Section 2 discusses how consistent truncations 
are realised in generalised geometry and derives the no-go theorem for the SO{S) gaugings. 
The corresponding derivation for the SO {A) gaugings is given in appendix A. Section 3 
includes a short discussion of some of the key aspects of extended geometries and the section 
condition, and the issues that arise when attempting to apply the formalism to non-toroidal 
backgrounds. Section 4 then defines the extended T-fold geometry for introduces the 
non-geometric frame and derives the corresponding gauge algebra. Section 5 defines the 
extended geometry and non-geometric frame for the 5^ background, and discusses the 
global properties. Much of the detailed calculation is relegated to the appendices. We 
conclude in section 6. 

2 A no-go theorem for 5*0(8) gaugings 

We start by using generalised geometry to prove a no-go theorem: that the new SO{S) 
gaugings cannot be realised as a compactification of a higher-dimensional theory that is 
locally geometrical. This means that, not only can they not can be realised as compactifi- 
cations of eleven-dimensional supergravity, but they are also not described by the standard 
class of non-geometrical backgrounds. This is the class of spaces that are locally described 
by eleven-dimensional supergravity, but have no global geometrical description, such as 
U-folds and asymmetric orbifolds. Since we will consider them as a simpler toy model in 
what follows, for completeness, we also prove the equivalent no-go theorem for the family 
of SO {A) gaugings of half-maximal seven-dimensional supergravity in appendix A. 

Here we will focus only on supergravity, but, as we review in the next section, in the 
extended spacetimes models of DFT and its cousin, it is standard to impose a “sec¬ 

tion condition” or “strong constraint” which restricts the dependence on the coordinates 
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of the extended spacetime and is necessary to guarantee the closure of the gauge algebra. 
Under this condition, locally the theory is identical to conventional supergravity and hence 
we can again use a (local) generalised geometry analysis. Thus in the language of extended 
spacetimes, our no-go theorem implies that the new gaugings can only be realised if one 
violates the section condition. In [25] it was shown that, for DFT uplifts of gauged super¬ 
gravity, if the frame violates the strong form of the section condition then it also violates 
the weak form, and one expects the same to hold for the case. Since, in Double Field 
Theory, the weak constraint corresponds to level-matching in the string conformal held 
theory, dropping this condition is a signihcant and a priori hard to justify step. 

Let us start by recalling the form of the family of inequivalent 50(8) gaugings dis¬ 
covered in [1]. The structure of a given four-dimensional gauged N = 8 supergravity is 
completely specihed by an embedding tensor Xab^ transforming in the 912 representation 
of £’ 7 ( 7 ) [27]. For the particular gaugings of interest in this section, it is most convenient 
to study this object under the decomposition under the 5L(8,M) subgroup 

912 = 36 -h 36' -h 420 -h 420'. (2.1) 

The new 50(8) gaugings of [1] have only the 36 and 36' parts non-zero 

=-R-^ sin u (5*^', Xtj = R-^ cos cj 5ij. ( 2 . 2 ) 

The space of inequivalent theories is parameterised by w G [0, ^), with the standard geo¬ 
metrical 5^ case corresponding to w = 0 . 

2.1 Consistent trnncations and generalised frames 

In [15], it was argued that all consistent truncations of ten- or eleven-dimensional super¬ 
gravity preserving maximal supersymmetry correspond to what was called a generalised 
Leibniz parallelisation on the compactihcation space. This is a particular type of preferred 
frame on the generalised tangent space. In particular we showed that the conventional 5^ 
truncation of eleven-dimensional supergravity, giving the 50(8) gauging with a; = 0, ad¬ 
mitted precisely such a parallelisation. The proof of the no-go theorem depends on showing 
that such a frame does not exist, even locally, for general u). 

Let us first recall how such a frame is defined. The new gaugings admit an 50(8) 
invariant AdS vacuum. A local geometrical lift of the vacuum, is some patch of eleven¬ 
dimensional spacetime of the form AdS 4 xM where M is some open set diffeomorphic to 
a patch of In addition we have a metric 

ds^ = e2^ds2(AdS4) + ds2(M), (2.3) 

and, generically non-trivial four-form flux F and seven-form flux F on M, where F is the 
eleven-dimensional dual of the usual four-form flux on AdS 4 . The M = 8 supersymmetry 
implies we can also identify eight independent Killing spinors on M. 

The xM+ (exceptional) generalised geometry on M is dehned on the generalised 
tangent space [44, 45] 

E ~ TM © A^T*M © A^T*M © {T*M © A^T*M), 

(2.4) 

V = v + uj + a + T, 
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which transforms as the 56i representation under x M"*" action, where a scalar 1^ of 
weight k under M'*' is a section of (det . A generalised frame {Ea} in this geometry 

therefore carries an index A = 1,..., 56. In addition, given V,V' ^ E there is a generalised 
Lie derivative [13] given by^ 


LvV' = {V • d)v' - {d Xad V)v' 

= Cjjv' + [CyUi' — vdcj) + [Cvcr' — iy/da — ui' A dcu) 
+ [CyT' — ja' A dcj — juj' A dcr) , 


(2.5) 


wich captures diffeomorphisms together with the gauge transformations of three-form and 
dual seven-form gauge fields. 

The generalised metric G defines a postive-definite inner product on the space of gen¬ 
eralised vectors that is invariant under the maximal compact subgroup Hj = SU{S)/'L 2 . It 
unifies all the bosonic degrees of freedom on the internal space, along with the warp factor 
A. One can define an orthonormal frame by requiring, as usual. 


G{Ea,Eb) = 5ab- 


( 2 . 6 ) 


By definition, different orthonormal frames are related hy SU (8) transformations. One can 
make this structure more explicit by decomposing 


56 = 28 -h 28. 


(2.7) 


where a and /3 are SU{8) indices. For what follows we will also need the decomposition 
into a pair of real representations under the subgroup SO{8) C SU{8)/1i2, giving 


{E^p} = {E,,}U{&^^}, 


( 2 . 8 ) 


with 


(2.9) 


Ea0 — S2'Gal3{^ij 

where we are matching the conventions of [13, 14]. Full details of the conventions for 
gamma matrices and generalised geometry in SU{8) indices can be found in appendix D. 
The orthogonality conditions (2.6) then read 


G{E,j,E'^^) = d, 
G{E'^\E'^^) = 5^^5^^ - 5^^5^^. 


( 2 . 10 ) 


Lifting the four-dimensional supergravity means we specify a particular metric and 
flux on M, and hence determines a particular generalised metric G. The eight independent 
complex Killing spinors spinors define a basis for SU (8) and hence a preferred frame {Ea^'\ 
for G. Hence, 


^The notation here follows [13, 14, 45]. 


- 7 - 



The lift of any M = 8 gauged supergravity defines a preferred generalised frame 
{Ea} on M. 

This frame is defined up to 5 f/( 8 )/Z 2 i?-symmetry rotations, that is transformations that 
are constant on M but can depend on the four-dimensional space coordinates x^. If the 
lift is geometrical, that is M is a full seven-dimensional manifold not just some open patch, 
the preferred frame is globally defined and hence gives generalised parallelisation of E. 

In addition, the frame {Ea} encodes the embedding tensor Xab^ of the gauged su¬ 
pergravity via the generalised Lie derivative [13, 25, 26, 46, 47] 

L^^Eb = Xab^Ec- ( 2 - 11 ) 

The coefficients Xab^ are constant on M. If M is global, this defines a “generalised Leibniz 
parallelisation”, which can be viewed as the generalised geometry analogue of a local group 
manifold. It was argued in [15] that all maximally supersymmetric consistent truncations 
are of this form. The lifts of generic points in the gauged supergravity are simply given 
by £^ 7 ( 7 ) rotations of the preferred frame, in analogy with conventional Scherk-Schwarz 
reductions, 

&a{x) = Ua^{x)Eb ( 2 . 12 ) 

where Ua^ £ £7(7) are coordinates in four dimensions. The inverse of the corre¬ 

sponding x-dependent generalised metric is given by 

= 6^^E'A^{x)E'B^ix) = H^^{x)Ea^Eb^, (2.13) 

where H^^{x) = 6^^Ua^{x)Ub^( x) . Since the {Ea} is defined only up to an x-dependent 
SU{8) rotation, the Ua^ really parametrise a coset £ 7 ( 7 ) / {SU{8)/'L 2 )- These are the scalar 
degrees of freedom of the four-dimensional gauged supergravity. Using the results of [48] 
one can write similar expressions for the four-dimensional gauge helds in terms of Ea [49]. 

Finally we note that, using the Leibniz property of the generalised Lie derivative, 
acting with on ( 2 . 6 ) gives 

(£^^G)(£c,£c) = -G{L^Jb,Ec) - GiEB,L^Jc) = -Xabc - Xacb, (2.14) 

where Xabc = Xab^^cd- Recall that, viewed as matrices Xa with components (Xa)b'^ = 
Xab^, the embedding tensor generates the gauge group G C £ 7 ( 7 ) of the gauged supergrav¬ 
ity [27]. If ^ C 5 f/( 8 )/Z 2 then the action of Xa must preserve the metric 5ab, implying 
Xab^^dc + Xac^^bd = 0 and hence L^^G = 0. Thus in this case the Ea are all 
generalised Killing vectors. 

2.2 Proof of the no-go theorem 

The embedding tensor for the SO{8) gaugings ( 2 . 2 ) implies that we require a generalised 
frame satisfying 

£fc/ 2 £ cos cu (5jj'^£/j^), 

~ 27? cosa;((5j[fc£jjj — 

, (2.15) 

Lp,/ E^i 2R sin w((5jjfc£;]j dj^i^E^j, 

= “2£ ^ sina;((5j[fc£(]j- — 5j\kE^^, 
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or equivalently 




Lf, 


^a/3 


^a'y^S/B ^Oi6^'yl3 ^^'y^Sa. “ 1 “ ^jSS^ya 

- 5}C^,¥^ - diC0,t^ + 


(2.16) 


where the other relations follow from complex conjugation, and Cq^ is the SO{8) gamma- 
matrix transpose intertwiner, which can always be chosen to be the identity (see ap¬ 
pendix D.l). In addition, it is easy to check directly from (2.14) that all the basis vectors 
are generalised Killing, that is 

L^^,G = L^, G = 0. (2.17) 

The key ingredient in the proof is the graded form of the generalised Lie derivative (2.5). 
In particular the vector part of LyV can only come from the vectors in V and V, namely 
it is given by Lie bracket = [v,v']. Let us focus first on the first line of (2.15). Note 
that in this case E^i = —L^^^Eij and the first line is simply the so(8) Lie algebra. If 
we can expand the frame into its components 


E{j — iOij (7ij Tij^ 


(2.18) 


the grading of the generalised Lie derivative implies that vector components Uij satisfy 

[uij,Uki] = 2R~^ cosuj{6iikUi]j - 5j[kUi]i). (2.19) 

In addition, the condition (2.17) implies that 

^Uij9 = ^uijF = FuijF = 0 , ( 2 . 20 ) 

and so Uij are Killing vectors, and in addition preserve the fluxes. A priori, some of the 
vectors Uij may be identically zero. To see that this is not the case, let g be the so (8) Lie 
algebra generated by the Eij. Define a subalgebra t C g of those elements with vanishing 
vector components. Given the grading of the generalised Lie derivative we have 


LyKGi, 'iV£Q,K£t ( 2 . 21 ) 

In other words t is an ideal. But so(8) is simple, and so has no non-trivial ideals, and hence 
1 = 0. Thus none of the Uij can vanish. 

We have shown that the uplift geometry admits 28 Killing vectors generating an so (8) 
Lie algebra. This implies that the metric and gauge helds, and hence the generalised metric 
G, are locally those of the round with constant F proportional to the volume form, 
and vanishing F. Since locally the AdS 4 background must satisfy the eleven-dimensional 
equations of motion, we see that, geometrically the putative uplift is exactly the same as 
for the standard SO(8) theory with to = 0. 

This result can also be seen by considerations of supersymmetry. Like the de Wit- 
Nicolai theory, all of the new gauged SO (8) theories possess an AdS 4 vacuum at the origin 
of the scalar manifold which preserves the full N = 8 supersymmetry in four dimensions [1]. 
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Any locally geometric uplift of this vacuum must therefore preserve maximal supersym¬ 
metry from the eleven-dimensional point of view. However, the only maximally supersym¬ 
metric AdS 4 solution of eleven-dimensional supergravity is the AdS 4 xS'^ solution [50], so 
this must be the local geometry of the uplift. 

Returning to our analysis of the generalised Lie derivative algebra, using the analogous 
argument for £'L, the last line of (2.15) implies that corresponding vector components uL 
also give 28 Killing vectors. A priori, these could be any linear combination of the Uij, 
however the middle lines of (2.15) imply that they only differ by a rescaling. In other words 
we can conclude that 


Eij = cos ujVij + ... 
E'lj = — sin ujVij + ... 


( 2 . 22 ) 


where the Killing vectors Vij satisfy (C.2) 




(2.23) 


In [15] we showed that the round 5^ admitted a generalised Leibniz parallelisation of the 
form 


Fa 


Eij — Vij (Tij -\- 
F ^ — LOij “t" Tij j A /\ LOij 


(2.24) 


where uiij, Uij and Tij are dehned in (C.2) and (C.3). This frame gave the standard SO{ 8 ) 
gauging with a; = 0. If we rotate to SU{ 8 ) indices we have^ 


F(^jj Vf^jj -|- ..., 

EafS 6 T . . . , 


(2.25) 


where + • • • denotes the non-vector parts. We have shown that the 

generalised metric is the same in both cases, and so {Ea} and {Fa} must be related by an 
SU{ 8 )/'L 2 transformation, that is, we must be able to find a local Ua^ G SU{ 8 ) such that 

Eap = Ua'^Uf^^F^s. (2.26) 

In particular, for there to be a local uplift of the generic gauging, we need Ua^ such that 

(2.27) 


We can consider the SU{ 8 ) invariant tensor, symmetric on four vector indices, given by 


K 


mnpq _ J_ Q:i...08,,m n p q 
8 ! 


(2.28) 


where we have written the explicit m,n,... = 1,..., 7 vector indices on M. It is relatively 
easy to see that this is non-zero^. Forming this invariant from both sides of (2.27), we find 

®Note that since SO{8) is an automorphism of the algebra (2.15) both {Ea} and {Fa} are only defined 
up to global 50(8) rotations. We have used this freedom to align the Killing vectors in each to be Vij. 

“^It is an 50(8) invariant so must be of the form The scalar A is given by the square of the 

self-dual object Kaia 2 c« 3 Q 4 defined in [3] and hence does not vanish. 
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it has no solution for U € SU{8) unless is a fourth root of unity. In particular, in the 
range uj £ [0, the only solution is the trivial one at a; = 0. Thus we can conclude, as 
required, that only the standard w = 0 gauging admits a locally geometrical uplift. 

Finally, one might ask if looking for an uplift to type II theories, in particular type IIB, 
might avoid this theorem. The local supergravity theory is again described by 
generalised geometry [13, 14] but with M six-dimensional and a different decomposition of 
the generalised tangent space, namely [44] 

E ~ TM © T*M © A^T*M © A^T*M © {T*M © A^T*M) , (2.29) 

where ± refers to Type IIA and IIB. Exactly the same arguments applied above can be 
used to show that the vector components Uij of Eij are all non-zero and form an so (8) 
isometry algebra under the conventional Lie bracket. However, this possibility is excluded 
since the maximal number of isometries in d = 6 dimensions is \d{d + 1) = 21. Thus it is 
impossible to realise any of the SO{8) gaugings as locally geometric uplifts to type II. 

3 Extended theories and the section condition 

Before turning to how we might realise the generic SO {8) gaugings in an extended theory, 
let us briefly summarise some of the key aspects of DFT and the section condition [22] as 
the primary example of such an extension, and then also the corresponding conditions for 
the Ejij^ extended geometry relevant to M-theory. This will also allow us to discuss some 
of the issues that arise when attempting to apply the formalism of extended geometry to 
non-toroidal backgrounds (see for example [38-43]). 

In the standard formulation of DFT one considers a patch 14 of some 2d-dimensional 
space X with coordinates = {x'^,ym) and a flat 0{d,d) metric 

ds^ = r]MNdX^dX^ = dx^dym- (3.1) 

This structure was originally derived from string field theory on a toroidal background. 
In that case, the coordinates X^ are picked out by the compactification: the x^ are flat 
coordinates on dual to the momentum modes of the string, and ym are flat coordinates 
on the T-dual torus dual to the winding modes. More generally the coordinates X^ are 
determined on a given patch 14 up to transformations that preserve the form of the metric 
ry, that is, constant 0{d,d) rotations and translations 

X'M = O^nX^ + C^. (3.2) 

If T = the corresponding global rotation isometries give the discrete T-duality group 
0{d,d]'L). By taking more general, quotients M^'^/F for some freely acting discrete sub¬ 
group F of the rotations and translations, the construction also gives a geometrical descrip¬ 
tion of non-geometric T-fold backgrounds, where the space is patched using T-dualities [20, 
22 ]. 

In DFT one then considers fields over X, in particular a generalised metric Gmn en¬ 
coding the conventional metric and B-field. One also defines the generalised Lie derivative. 
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given V,W € TA' by 


LyW^ = V^VnW^+ (V^V^-V^V^}Wjv, (3.3) 

where indices are raised and lowered using rj and Vm is the (flat) Levi-Civita connection. 
This expression is usually written using the partial derivative 9 m not the connection Vmj 
with the assumption that one is using the flat coordinates . Here, as in [42], we use the 
Levi-Civita form to stress the covariance of the expression. (Obviously in the preferred 
coordinates , we have Vm = 9m and the expressions agree.) Note that generically the 
generalised Lie derivative does not satisfy the Leibniz condition and hence does not define 
an algebra. 

The strong constraint, or section condition, states that, given any two physical fields 
/ and g (which may be tensors) on X one has 

= 0, = 0, (3.4) 

where again we use the Levi-Civita connection to make the expressions covariant. Under 
the weak constraint only the first condition holds. Note that if the product fg also satisfies 
the weak constraint then it is easy to see that the weak constraint implies the strong 
constraint. Thus the distinction only applies when naive products of physical fields are 
not physical. For vectors V and W satisfying the strong constraint, the generalised Lie 
derivative LyW also satisfies the strong constraint. Furthermore it satisfies the Leibniz 
condition and hence defines an algebra. 

For generalised Scherk-Schwarz reductions an important result is that if the frame 
satisfies the weak constraint then it also satisfies the strong constraint [25] . The argument is 
as follows. The frame itself Ea must be physical because the uplift of the supergravity gauge 
fields depends on Ea- Similarly, the x-dependent generalised metric G' given in (2.13), 
which gives the uplift of the scalar fields, must also be physical. This means that both Ea 
and the product Ea®Eb appearing in G' must satisfy the weak constraint. But that then 
implies each Ea satisfies the strong constraint. The argument is actually slightly subtler 
since G' does not depend on an arbitrary product of frames, however, using the additional 
information of the Leibniz property of the generalised Lie derivative, one can indeed show 
that the weak form implies the strong form. In terms of our no-go theorems, this is implies 
that the generic gauged supergravities actually cannot be realised without violating the 
weak constraint. 

The strong section condition is usually interpreted to mean that one looks for the most 
general solution of these conditions, given a large number of fields f,g,.... Locally the 
fields are independent of half the coordinates. Put another way, it defines a sub-bundle 
N C TX, such that, on a physical field /, we have U^Vm/ = 0 for all V & N, and in 
addition is a maximal, null sub-space, that is it is d-dimensional and 

r^[V, W) = 0, for all V,W gN. (3.5) 

(One such subspace is for example the set of vectors of the form V = Vm{d/dy'^).) By 
definition (for example by acting on scalar physical fields /) it is clear that 

iiV,W gN then [V,W] G N ^ N is a foliation, (3.6) 
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where [V^, VF] is the conventional Lie bracket on X. 

Locally one can always choose coordinates so that the solution of the strong constraint 
sets all the fields to be independent of i/m- Taking the quotient of X by the action of 
d/dym on the leaves of the foliation gives some patch U of and the physical helds such 
as the generalised metric, descend to fields on U. The nomenclature “section condition” 
is thus somewhat confusing: it does not define a d-dimensional subspace of X but rather 
allows one to take a quotient, a point stressed in [40]. Furthermore, the DFT generalised 
Lie derivative reduces to the standard generalised Lie derivative of generalised geometry 
on U, also known as the Dorfman derivative. Thus, locally, under the strong constraint, 
DFT reduces to generalised geometry. 

As we have mentioned, the physical interpretation of the doubled spacetime X for non- 
toroidal backgrounds remains an open question, primarily because there is generically no 
simple interpretation of the extra ym coordinates as dual to winding modes, nor indeed is 
there generically any action of T-duality. Since we will be interested in extended geometries 
based on spheres, in particular in the case of DFT, we must address these issues. For the 
moment, one can simply assume a doubled spacetime X exists. The standard requirements 
then seem to be that there is 

(1) 0{d,d) metric ry, (2) null foliation N C TX. 

It is typically assumed ry has the form (3.1) and so is flat. By the Killing-Hopf theorem 
this implies X = M^'^/F (assuming it is complete). In addition, for standard geometrical 
backgrounds the quotient along the leaves of the foliation must exist and give a conventional 
d-dimensional spacetime M. 

The key point is that the existence of ?y and N imply the existence of additional struc¬ 
tures that can strongly restrict what spaces are allowed. One can try to overcome this 
by relaxing the condition that ?y is flat as in [42]. An alternative interpretation, proposed 
in [38], assumes that the foliation of X exists, but y and the generalised Lie derivative 
are defined only on the (local) d-dimensional quotient space, as in generalised geometry. 
The most radical suggestion to overcome the problem is to insist on the primacy of the 
doubled structure, and drop the condition that A is a manifold [39] with conventional dif- 
feomorphism symmetry, though exactly what object it is remains unclear. In the proposal 
of [39], one still introduces local coordinates so X does in fact still admit a manifold 
structure. One then tries to map the group generated by the generalised Lie derivative 
under the strong constraint into the conventional diffeomorphism group and use this to 
define a new notion of tensor. Related proposals have appeared in [40] and [41] . However, 
this map is not a group homomorphism [38], so it is unclear in what sense X is supposed 
to realise the group structure of the generalised Lie derivative. 

Assuming more conservatively that A is a manifold with the conventional notion of 
tensors, in order to see the constraints implied by the existence of ry and N, let us try 
and construct the doubled space A corresponding to a generic conventional spacetime M. 
Naively, since locally the equations of DFT reduce to those of conventional supergravity, or 
more precisely the generalised geometry reformulation of supergravity, it would appear one 
can view any supergravity background in DFT. However, this is not the case. Generalised 
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geometry formulates the geometry on the generalised tangent space E oriTM ®T*M over 
a d-dimensional manifold M. Given that M is supposed to be a quotient of the doubled 
space X by the action on the leaves, the doubled space X must be the total 2d-dimensional 
space of the cotangent bundle X = T*M (or some compact quotient thereof), with the 
foliation corresponding to the fibres. Locally we have coordinates (x™', Um) on X where x™ 
are coordinates on M and ymdx"^ is a one-form at the point x G M. This space has the 
correct topology since restricting to the zero section = 0 we have TX\m — TM0 T*M. 
However, there is generically no natural flat metric on X = T*M. The best one can do 
is to allow non-flat metrics, as first considered in [42]. We use the hbration structure to 
define 

T] = dx”" {dym + (x) ^pdx”), (3.7) 

where r^mn(x) is some GL(n,M) connection on TM. We see immediately that defining 
rj, and hence also the generalised Lie derivative, requires addition information: specihcally 
a choice of connection on M. If one additionally takes the standard assumption that the 
metric on X is flat, we see that a necessary condition is that must be pure gauge, 

meaning we can choose coordinates x™ such that it disappears. But this implies that TM 
is trivial, at least up to some discrete holonomy. In other words the d-dimensional manifold 
M must be parallelisable (or some discrete quotient of a parallelisable manifold). This is 
consistent with the original observation that the double space is only naturally dehned for 
toroidal backgrounds. 

These restrictions are in marked constrast to the generalised geometry picture. There 
one only requires y and the generalised Lie derivative to be defined on the zero section 
ym = 0. But from (3.7) we see that r]\M = dx^dym independent of the connection T^mn 
and hence there is a natural 0{d, d) metric in generalised geometry, without the need for 
additional structure. The same holds for the generalised Lie derivative. Thus generalised 
geometry can be dehned for any differentiable manifold M. The problem in DFT is precisely 
how one extends the generalised geometry 0{d, d) metric away from the zero section. Note 
that this picture is nonetheless consistent with the proposal of Hull [38] where y and the 
generalised Lie derivative are only required to exist on the quotient space, which here is 
simply M itself. 

Let us briehy summarise how the analogous constructions and obstructions appear in 
the extended geometry. One now considers a 56-dimensional space X with coordinates 
, that admits a constant structure dehned by the symplectic and symmetric 

quartic invariants 

H = iSdMivdX^ AdX^, Q = QMNPQdX^ ®dX^ (^dX^ (^dX^, (3.8) 

where TLmn and Qmnpq are the standard invariants (see for example [51]), independent 
of X. The geometry is invariant under global transformations of the form 

X'M = A^nX^ + C^. (3.9) 
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where ^ is a global rotation^. One can define a fixed torsion-free connection Vm 

which is equal to Om in the particular coordinates. Thus X is an affine manifold and 
so, as in the 0{d,d) case, if it is complete, then X = where T is a freely acting 

discrete subgroup of .£^ 7 ( 7 ) together with translations. Given physical fields / and g the 
strong section condition is given by [13] 

PMN^^^P^Qf = PmN^^^P^QQ = 0, PMN^^VpfVQg = 0, (3.10) 

where Pmn^^ projects onto the 133-dimensional adjoint representation. From the general 
analysis of [52] one sees that one also needs to impose [48] 

= 0. (3.11) 

In the weak form of the condition, only the first condition in (3.10) holds. As in DFT, 
following [25], one expects that, for a Scherk-Schwarz uplift, requiring to satisfy the 
weak constraint implies that it also satisfies the strong constraint, essentially because the 
generalised metric G' given by (2.13) must be physical. The full proof should require use 
of the Leibniz property of the generalised Lie derivative. For the no-go theorem of the 
previous section, this would imply that the generic 50(8) gaugings can only be realised by 
violating the weak section condition. 

As for DFT, only certain seven-dimensional supergravity manifolds M can be realised 
in the extended theory. One takes A to be the total space A ~ h^T*M® Pp’T*M 0 (T*M 0 
A^r*M), or a compact quotient thereof. Just as before, defining general invariants 
D and Q on TA requires a choice of GL{7) connection F on TM. If D and Q are fiat, as 
in (3.8), then a necessary (but not sufficient) condition is that M must be parallelisable. 
Again this is in contrast to generalised geometry, for which the Ej^y^ structure exists for 
arbitrary manifolds M - the obstruction in the extended theory is again how one extends 
this structure away from the zero section. 

In summary, we have seen that requiring the existence of a doubled or extended mani¬ 
fold A is quite constraining. At the very least, the relevant generalised structure and section 
condition imply the existence of additional structures on the conventional d-dimensional 
space, namely a choice of connection, and in the standard formalism it implies A has the 
form M^'^/F (or M^®/r for E-j^j-^) and that M is (at least) parallelisable. (An exception 
is the interpretation of [38] which only requires the generalised structure to exist on the 
(local) quotient.) For these reasons, in the following, we will adopt a minimalist approach 
to defining the extended geometry, defining as little additional structure as possible. In 
particular, we will not introduce the full set of doubled or extended coordinates, but only 
a minimum number, such that the generalised Lie derivative, can be explicitly defined in 
a covariant and global way. 

4 and non-geometric 50(4) gaugings 

In this section we consider the possible string theory realisation of a family of 50(4) 
gaugings of half-maximal, d = 7 supergravity [28, 29], parameterised by an angle 0 < 

®More precisely one should consider SI and Q to be defined only up to scale so that the symmetry 
becomes xR"*". 
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^ The standard 50(4) gauging that appears as a consistent truncation of the 

ten-dimensional N = 1 supergravity on 5^ corresponds to a; = ^vr, and, as we show in 
appendix A, there is again a no-go theorem stating that the generic gaugings cannot be 
realised as a locally geometric uplift to the ten-dimensional theory. From [25], this implies 
that any uplift must violate the weak constraint. (An earlier proof, using a slightly different 
notion of geometric, has been given in [29].) Thus this family provides a closely related, 
but simpler, version of the issues one has to address in realising the new 50(8) gaugings 
of [1]. 

The standard 5^ reduction of radius R is simply an su(2) WZW model at level 
q = R? [53], so the most straightforward question is to ask if there is a conformal field 
theory description of the generic gauging. A natural proposal, coming from the analysis 
of DFT on WZW backgrounds given in [33], is an “asymmetric” su(2) WZW model, with 
different levels on the left and right, such that the ratio is related to the angle uj. However, 
such models are known not to admit a modular invariant partition function [34]. This 
matches with the no-go theorem, since the weak constraint of DFT, strictly derived only 
for toroidal backgrounds, corresponds to level matching and hence modular invariance. 
Notwithstanding this, the uplift question was first addressed using DFT in [29], where an 
explicit non-geometric generalised frame was constructing, violating the weak constraint, 
such that the generalised Lie derivative algebra reproduced the generic 50(4) embedding 
tensor. In this case, the cj = ^vr point was realised using a non-geometrical background 
rather than as 5^. 

In the following we will give an alternative realisation of the gaugings as a doubled 
geometry, though again violating the strong and weak constraints. In this case, the un¬ 
derlying geometry is always the same: a round 5^ with Lf-flux. This means that the 
corresponding generalised metric G is perfectly geometric, and describes a standard super¬ 
gravity background. However, we choose a generalised frame for G that is non-geometrical, 
that is, depends on the doubled space in a way that violates the weak constraint. Thus the 
description is only very “weakly” non-geometrical. Furthermore, the enlarged geometries 
we dehne are, in a second sense, the weakest extension of conventional geometry one might 
consider: we only extend one coordinate on the sphere (not all three), so that the extended 
geometry is well-defined as a T-fold. 

Using the global structure of the T-fold, we find that the parameter a; can only take 
discrete values. We then show that this construction can be extended to give 50(4) frames 
on the Lens spaces 5^/Zp, such that one can realise a larger, but still discrete, range of 
u values. Since this construction violates the weak constraint, we are sceptical that it is 
giving a true string theory uplift. Nonetheless, within the language of DFT it corresponds 
to a minimal relaxation of the standard rules, and is perhaps a useful exercise in exploring 
the difficulties in defining extended geometries for generic backgrounds that have been 
mentioned in the previous section. 

Let us briefly summarise the structure of the 50(4) gaugings and the 5^ uplift of the 
cj = ;j7r case. The general embedding tensor [54, 55] for half-maximal seven-dimensional 
gauged supergravity is a three-form Xabc where A = 1,...6 labels an 50(3,3) vector 
index. Decomposing under an 50(3) x 50(3) subgroup, the 50(4) gaugings correspond 
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to the non-zero components [29] 


^abc — 2 /? (^abci 


^abc ‘^R 


(4.1) 


with 0 < w < ^TT so that 1 < cot a; < oo and where we regard two embedding tensors 
related by a global 0(6,6) rotation as equivalent®. The standard 50(4) gauging arising 
from a consistent truncation on corresponds to a; = ^tt while the a; = 0 limit defines an 
50(3) gauging. To construct such gaugings as local geometrical lifts, we need a generalised 
frame {Ea} = satisfying the algebra 


T J^R _ V TTin 

^^R^b — ^abc-t^c ) 


•R 


= X-r-M 


RE&Ra — — 0 - 


(4.2) 


We see that we have a pair of 517(2) algebras with different normalisations for E^ an Ejj^. 
If G is the corresponding generalised metric, it is easy to see that this algebra implies that 
the Ea are generalised Killing vectors, that is = 0. 

For the special case of a; = ^vr, we showed in [15] that on 5® such a frame can be 
concretely constructed out of left- and right-invariant vectors and one-forms, as we now 
summarise. The near-horizon limit of q parallel NS fivebranes is described by a spacetime 
of the form x x 5^ with metric, i?-field and dilaton given by [53] 


ds^ = ds^(M®’^) -|- dt^ -|- d0^ -|- sin^ + {d'ljj + cos Odcj))"^ 

iR^i 

= -t/R, 


B = jR^ cos 9d4> A d'ljj, 


(4.3) 


where Hopf hbre coordinate ijj has periodicity ijj ^ ip + d'n and we take units where a' = 1. 
Integrating H over 5^ one sees that the quantisation of the 77-flux gives R^ = q G h. The 
solution preserves half of the supersymmetries of type II. T-dualising the Hopf hbre, one 
obtains the Lens space 5^/Zg with one unit of H hux [56]. This solution has the same 
local form but with a Hopf hbre coordinate ijj with periodicity ijj ^ ijj + djn jq. 

One can construct a global generalised frame on the generalised tangent space E ~ 
TS^®T*S‘^ given by [15], 

Fn = la — — knB^ 

a a a La ^ 

Fa =ra +Pa- ir-aB, 

where la and are the usual left- and right-invariant vectors and Aq and pa the corre¬ 
sponding forms given in (B.2) and (B.3). Explicitly 


Ff = e‘^ {2R-^dg + ^Rde) 

+ i cot 0 [2R~^d(f) — ^Rdp) — i esc 0 (2R~^d^ + ^Rdijj) 
= 2R-^d^ + ^Rd(p, 


(4.5) 


®Note that the R ^ factor can always be scaled out of these components by an SO{6, 6) transformation, 
but in what follows it is convenient to retain it. 
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and similarly 




{2R-^de - iRde) 

+ i CSC 0 [2R~^d(f) — ^Rd<p) — i cot 6 {2R~^d^ + ^Rdif) 

= 2R-^d^ - iRdip, 


(4.6) 


where F^ = F^ + iF^ etc. The algebra (2.11) of this frame under the generalised Lie 
derivative is precisely (4.2) with cj = ^tt. 

4.1 The T-fold double geometry 

Our goal is to construct an extended geometry corresponding to with a global section- 
violating frame on that reproduces the general algebra (4.2). A clue to how we might 
do this is to recall that under T-duality along the ip Hopf fibration, the solution with q 
units of flux is dual to the Lens space S^fZq with one unit of flux. Consider the frame {Fa} 
given in (4.4) on the Lens space, where we label the Hopf fibre coordinate ip. We find that 
the F^ frame is still globally defined, but not the F^ frame since on S^jZq the periodicity 
of the Hopf fibre is ip ^ ip + Att/ q. Thus it appears that S'^ j^Lq does not admit a global 
frame. Correspondingly there are fewer global Killing spinors and the j'Lq background 
only preserves one-quarter of the type H supersymmetry. However, we still have the original 
frame defined on the dual 5^, depending not on ip but the dual ip coordinate, along with 
the corresponding Killing spinors. Thus if we allow the frame to depend on the dual ip 
coordinate, the S'^ j'Lq still admits a global frame and preserves half the supersymmetries. 
This is the phenomenon of “supersymmetry without supersymmetry” as analysed for 
in [57]. 

This immediately suggests a generalisation where we allow the frame to depend on both 
Ip and Ip. One starts by defining a “T-fold” [16], a four-dimensional space X composed of 
an 5^ base, parametrised by 6 and (p, with two circles fibered over it: the Hopf fibration of 
the original with coordinate ip and the dual circle fibration for jljq with coordinate 
Ip, so 

^ A 




(4.7) 




Such geometry has been discussed in some detail in [32]. Note that there is no conserved 
winding number to generate the charge for the corresponding circle since the fundamen¬ 
tal group '7ri(S'^) is trivial, though there are corresponding extended string states wrapping 
great circles. We take the periodicities 


ip^ip + dn, ip^ip + An/q, 


(4.8) 


with R^ = q. The T-duality map identifies 


^Rdip ~ 2R-^d^ 


(4.9) 
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and similarly for ^Rdij) ~ 2R~^d^. The space X is commonly referred to as a “correspon¬ 
dence space” (see e.g. [58]), which possesses projections onto both the physcial background 
and the T-dual space. Although we focus on the case, the space X, and the extended 
geometry described below, can be defined in exactly the same way for more general 
fibration backgrounds. 

One can clearly view the x fibre as a conventional double torus geometry with 
an 0(1,1) metric given by ds^ = jR'^dij^d'ip. However, we can also consider a sort of hybrid 
doubled geometry on X itself. It is not conventional generalised geometry, which would 
only describe objects on S^, nor is it the full double geometry which would require some 
six-dimensional space. Instead, it is the minimal extension allowed, introducing an explicit 
dual coordinate i/’ for a single isometry (9.^. The six-dimensional generalised tangent space 
on X is built from generic vectors v together with one-forms A that are sections of a 
sub-bundle pulled back from 5^, namely 

V = v + X. 


(4.10) 


The identification (4.9) means that the vector component v'^ should transform like the one- 
form and similarly for v'^ and A^. This actually defines E as a somewhat unconventional 
extension 

^ ^ ^ (4.11) 

We write 

V = v°‘da + v'^d^ + v^d^, A = Addx" (4.12) 

where x°‘ are coordinates on 5^. Suppose on the overlap Ui n Uj of two patches of 5^, the 
5^ fibres are patched by 

V’(i) V’(j) T ”^0) (4T3) 


then we have 

CX. ^ 

lb lb 

vT-\ = v;.. ■ 
W 0) 

■0 _ 'lb 


\j) 


d„A 


(T)’ 




(4.14) 


Here A £ T*S‘^ describes the patching of the H-field on the base 5^. Concretely, given 
6 (i) e -K*A^T*Ui, we have 

^(0 ~ ^(i) ~ ~ 8 ^ ^(i) ~ 8^ ^(i) (4-15) 

Crucially, there is an 0(3, 3) metric on E given by 


r]{V,V) = u“A„ + 


(4.16) 
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As stands this form of the metric does not look covariant. However, this is simply 
due to the unconventional patching (4.14), which implies that A = A^dx" is not globally 
a one-form on X. We would like to show explicitly that rj is indeed covariant and also to 
stress what additional structures on X are required to define the extended geometry. This 
is most naturally done, by defining the “untwisted” one-forms 


Aq, — Xn + 


%a - iA' 


AaV'^ + AaV'^ -h \{v^Aii)Aa “h 


(4.17) 


which are true sections of tt*T*S'^ C T*X. The 0(3,3) metric (4.16) then takes the 
manifestly covariant form 


rj(V,V) = i,,X + T(v,v), 


(4.18) 


where 


T = 


= 


(d^ + A) (gi (dt/; -I- A) -I- (d^^ -I- A) (g) (dV’ + A) 


(4.19) 


is an 0(1,1) metric on the fibres. We see explicitly that defining r] requires additional 
structure beyond just the topology of A. In particular, it requires knowledge of the fibration 
structure defined by tt and the metric on the fibres r. This matches our discussion in 
section 3: the existence of an 0(d,d) metric actually puts additional structure on the 
doubled space. 

Returning to the original geometry corresponds to “solving the section condition” 
by taking a quotient by the U(l) symmetry generated by and using the metric r to 
identify the vector v'^d^ with the one-form jR'^v'^dip. Note that, despite the name, this 

is a quotient not a choice of section: the S '7 bundle is non-trivial and so does not admit a 

b 

global section. Alternatively one can solve the section condition by taking a quotient by 
giving the dual S'^ j'Lp geometry. After such quotients the connections A and A becomes 
the R-field component Bi = dip AAi + bi and Bi = d-i^ AAi + h respectively, as is usual in 
T-duality’^. 

Finally, we can also define a notion of generalised Lie derivative that reduces to the 
conventional generalised geometry expressions on and S'^ j'Lp after reduction along 5^ 
or respectively. In the particular coordinates where = (v^, , Xe, X(f,), we 

have the standard DFT form as in (3.3), 


LyW^ = V^dNW^ + (d^^V^ - d^V^) Wn, (4.20) 


where indices are raised and lowered using the metric (4.16) and the partial derivative 
is given by Dm = (do, dtj), dtp, d^,d,d). As discussed in the previous section, this is not a 
covariant expression, so cannot be used as a generic definition of LyW without specifying 
how the coordinates are chosen. 

^Note that we have included the h components in order to preserve the full gauge invariance of the 
geometry. In the example we can always choose a gauge such that e.g. B = dtp A A after taking the 
quotient. The patching (4.15) of b includes Chern-Simons terms for the connections A and A as is standard 
in the reduction of generalised geometry (see for example [59]). 
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However, we can write an intrinsically covariant expression for LyW in terms of the 
untwisted objects V = v + X and W = w + jl. We have 


LvW = [u, w] + ^ [r^{Ci:V, W)e + W)^] 


+ 


- i^dA + ^ [r](W, 0 + v{W, Odr?(H, i)] 


J B 


(4.21) 




where 

^ = and i = d^, (4.22) 

are the two vector fields defined by the 17(1) actions on S^p and S^, 

cr = dV' 4- ^ and a = + A, (4.23) 

are the dual one-forms in the metric (4.18) and 


{a]B = a — {i^a)a — {i^a)a (4.24) 

is the projection of a £ T*X onto tt*T*S'^. The additional flux terms in (4.21) are typical 
of generalised Lie derivatives expressed in terms of untwisted variables and feature the 
17(1) curvatures of the fibered cirlces F = dA and F = dA as well as the gauge-invariant 
held strength for the two-form b, 


h = db- iR^A A F - iR^A A F. (4.25) 

Although h clearly vanishes for the solution, we include it here so that our formulae 
would also describe the extended geometry for more general hbration backgrounds. 


4.2 Non-geometric frames for 

We now consider a generalised frame {F^ , F^} on the T-fold X, where the right frame has 
the same form as (4.5) lifted to X and given the identihcation (4.9) 


Ff = e‘‘^ {2R-^de + ^Rd9) 

4-icot 0 (2F“^(90 — ^Fd(/>) — icsc0 2F“^((9^ 4-i9^) , (4.26) 

Ff = 2R-^d^ + ^Rd^, 

whereas for the left frame we introduce a linear phase dependence on il) and 'ip 
^ ^-\{ai^+hd) r {2R-^de - \Rde) 

+ icsc9 {2R~^d(i) —^^Rdcp)—icoi9 2R~^{dp, + dpp) , (4.27) 


E!p = 2R-\dp,-d^). 

We then automatically have the correct orthonormality properties in the 0(3, 3) metric ry 
given in (4.16), namely 


■^{Ea^Eb) 


^ah 0 
0 ~^ab 


(4.28) 
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Since Ejj^ is an 50(3) rotation of (and = F^) the generalised metrics G defined by 
{Ea} and {Fa} are the same. In particular, G is independent of V’ and V’ and, reducing 
on '0 is simply the round metric on 5^ with H flux given in (4.3). 

It is important to note that this frame explicitly fails to satisfy the weak section 
condition since generically it depends explicitly on both ^lJ and "0. Thus although the 
generalised metric is still geometric the particular choice of frame is not. The fact that 
different global frames on same background correspond to different gaugings is not unusual: 
for example, viewed as a group manifold, the standard Scherk-Schwarz reduction on 5^ 
defines geometrical frame with an 51/(2) gauge group [15], rather than 50(4). This only 
implies that the different seven-dimensional gauged supergravity theories admit the same 
seven-dimensional background as a solution. It is important to note that the scalars of the 
Scherk-Schwarz reduction define a family of frames of the form E'j^ = Ua^Eb, as in (2.12) 
but with Ua^ £ 50(4). The corresponding family of generalised metrics G' is given 
by (2.13). For the non-geometrical frames described here, the generic scalar-dependent 
generalised metric G' is non-geometric, and violates the weak constraint. It is only at 
the special point in scalar moduli space where Ua^ = that G becomes geometrical. 
Thus the full uplift of the gauged supergravity is non-geometric, and, because each frame 
is different, for each value of a and b we get a different uplift. 

We can now calculate L^^Eb using the generalised Lie derivative (4.20). Since we 
are violating the section condition there is no reason to believe that this will form an 
algebra [22]. However, we find that 

= ^elE^ = ^ if a 4-6 = 1, (4.29) 

a 

and in addition 

LbR^^ — 2.R 

, (4.30) 

L^,E-^ = 2{a-b)R-h-,i,E{^ 

-^a ^ 

and hence we realise the 50(4) gauge algebra (4.2) with 

cot u} = a — b. (4.31) 

Thus the frame gives a non-geometric uplift of the generic gaugings. 

We must also consider whether the new frame (4.27) is globally well-defined. Given 
the periodicities (4.8), we see that the factor jg single valued provided 2a and 

2b/q are integers. For half-maximal supersymmetry, we require not only the frame to be 
single valued but also the corresponding Killing spinors. Since the frame is constructed 
as Killing spinor bilinears, the spinors have a phase factor e“4“b+ftb)/2 hence to be 
globally defined require 

a = m, b/q = n, (4.32) 

with m,n G Z. The requirement a 4- 6 = 1 gives m = 1 — qn and hence we get a discrete 

set of allowed values of uj 

cotuj = l — 2qn or jcot wj = 1, 2g 4= 1,4g 4z 1, 6(7 4= 1,.... (4.33) 
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Note that the algebra with u can be mapped to that with —io by the 0(6, 6 ) transformation 
that reverses the signs on . Hence we can view these solutions as all giving allowed values 
of io lying in the range 0 < cn < ^tt with 1 < cot u < oo. 

We end by noting first that we can generalise this construction by considering not 
with q units of flux but the Lens space /Z,p with ( 7 -units of flux. This is T-dual to the 
space I"Lq with p-units of flux, and corresponds to the periodicities 

^ ~47r/p, ~ "0-|-47r/(7. (4.34) 

The conditions that the Killing spinors are globally defined then become 

a/p = m, b/q = n (4.35) 

with m,n (zTi and the allowed values are 

cota; = l —2g'n with pm + qn=l. (4.36) 

which gives a narrower range of allowed values of uj than in the case. 

Secondly, we note that we can also view the non-geometry from a slightly different 
perspective. The frame {E^} actually only depends on the linear combination aip + 
rather than ijj and separately. If we make a change of variables from {^jJ, 'tp) to (y, ■(/’) 
where 

X = a'ip + btp, (4.37) 

we see that the fibre of (4.7) is spanned by the periodicities 

+ ^--(A + dTr/g, (4.38) 

and we have simply made an SL{2, Z) transformation of the original torus. Thus if we 
quotient by we see that the coordinates {9,4>,x) parametrise a three-sphere, let us call 
it S^. Thus an alternative picture of the geometry is that we consider a global frame on 
with a generalised tangent space 

E ~ TS^ © (4.39) 

but with a non-standard twisting, 0(3, 3) metric and bracket, which can be derived by 
expressing the formulae of section 4.1 in terms of the transformed coordinate (4.37). From 
this viewpoint, the construction is a generalised parallelisation in a modified generalised 
geometry on S^. 

4.3 Alternative derivation 

Returning to the original T-fold picture, let us give an alternative derivation of the alge¬ 
bra (4.2) that will be useful when we turn to the SO(8) gaugings in the next section. Recall 
that the structure constants Xab^ of the algebra (4.2) can always be interpreted [13] as 
the torsion of the generalised Weitzenbock connection D defined by the frame {Ea}- Given 
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a global frame, the Weizenbock connection is the unique connection satisfying DEa = 0. 
By definition 

L^^Eb = L^^Eb - T^{Ea) • Eb = -{T^)a^bEc, (4.40) 

where {T^)a^ c are the components of the generalised torsion of the Weizenbock connection 
evaluated in the {Ea} frame. Hence 

Xab^ = -{T^)a^b. (4.41) 

Suppose we have two frames related by an 0{d,d) rotation 

Ea = U^aFb, (4.42) 

If D' and D are the Wietzenbock connections for {Fa} and {Ea} respectively then, by 
dehntion, 

b = b' + K with K^b = -{U-^)^c<^U^ B (4.43) 

and hence the structure constants for the {Ea} algebra are given by® 

^AB = )A B 

= -(T^'U'^b + - Kb^aSb'^ ('“■«) 

= rSB® + 3KiABD]rf‘^ - Kd°aSb'^, 

where 

aU^ B{U-^f fYde^ , (4.45) 

are the structure constants for the {Fa} algebra transformed to the {Ea} frame. 

Suppose now that {Fa} is the standard SO{4:) frame on given by (4.4), that corre¬ 
sponds to w = Ivr, and so, from (4.2), gives 

Yab = R-^eab, Y-J = (4.46) 


with all other components vanishing, and where we have split A into (a, a) indices. Now 
consider a rotated frame of the form (4.42), where 


Ub = 



^ cos/ sin/ 0^ 
— sin / cos / 0 

Vo 0 ly/ 


(4.47) 


and with U°‘i = C/“b = 0. This is a C/(l) C SO{3)l C SO{3)ii x SO{3)l rotation. As such 
it does not change the generalised metric G. The {E{^} frame is unchanged, as is {E^. 
The only frame that transforms is 

E^=bfF^. (4.48) 

®Note that here we have defined the index ordering as T(V)^b = V^Tc^b, which explains the minus 
sign in the K^j^bc] term with respect to the expression in [60] . 
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The only non-vanishing component of K^b is 

/ 0 1 o\ 


= -df 


-10 0 

0 0 oy 


:= -(d/)A^, 


(4.49) 


where is the generator of the U{1) C S'0(4) symmetry. 

To calculate Xab'^ we need df € E* in terms of generalised frame indices. By def¬ 
inition {df)A = Ea • df = EA{f) where, if v is the vector part of 14 ^ E, we define 
V{f) = v{f). On the T-fold X the original frame has the form 


= {2R-^d0 + lRd9) 

+ icot 9 [2R~^d^ — ^Rd(p) — icsc9 2R~^ {d^ + d^) 
= 2R-^d^ + ^Rd(j), 
p’f = [ {2R-^dg - ^Rd9) 

+ i CSC 9 [2R~^dcj) — ^Rd(p) — i cot 9 2R~^ {d^ + d^) 

F = 2fl"‘(9«-9d- 

We now choose 

. , , f2c/F ioi Fp 

FA{f) = { ' . 

(0 otherwise 

From (4.50), this implies, up to an irrelevant constant, 


(4.50) 


(4.51) 


/ = ic(V’-'0). (4.52) 

Given the form of the rotation (4.47), we immediately see that we also have E^{f) = 2c/R 
with all other £'a(/) vanishing. 

We can now use (4.44) to calculate the new embedding tensor. We hrst note that since 
U^B is an element of SO{3) x SO{3) we see from (4.46) that = Yab^■ We also note 

that Kb^a = 0 and hence Xab^ = 0. This is the analogue of the “unimodular condition” 
for standard Scherk-Schwarz reductions [15]. We then find 

XaP = 2R-hab^, X-,f = 2R-\l-c)e-,f, (4.53) 


with all other components vanishing. We see that we reproduce the algebra (4.2) with 
cot oj = 1 — c. For the Killing spinors corresponding to the new frame Ea to be globally 
well defined, we require the transformation U to be single valued when acting on spinors. 
This implies c = 2nq with n G Z, as before. 


5 S'^ and non-geometric SO {8) gaugings 

We now address the problem of lifting the general 50(8) gaugings of [Ij. From the proof 
of section 2 we know that any such lifting must violate the section condition. As such the 
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lifts we construct here, though reproducing the correct algebra, will be poorly motivated. 
In fact, as we will see, even interpreting the extended geometry physically is difficult. Our 
philosophy is simply to show that there is a self-consistent extended geometry in which a 
simple section violating construction exists. 


5.1 The extended geometry 

Again we will try to consider the minimal possible extension of the geometry. A fully 
extended space would be 56-dimensional, with a coordinate for each direction in the gener¬ 
alised tangent space (2.4). As discussed in section 3, the requirement that the full extended 
space admits a global, constant structure, along with a suitable foliation, is very re¬ 
strictive. Here, in direct analogy to the construction in section 4.1, we will only introduce 
a small number of additional coordinates, in this case four. Viewing as a Hopf fibration 
over CP^, we define the ten-dimensional space 


^ X 


TT 

B = CP3 


(5.1) 


The four angular coordinates ("00 j V’ 2 ; V’ 4 ) V’e) on the fibration are defined by identifying 


n-iA. — p-i d 
^ dxjj ~ ^ ai/>o ’ 


uji^p3 — R 


^R^dip = R Rd'ijj ® volgr = R 


d'4>2 ’ 

-1 a 

dipe ■ 


(5.2) 


where ujcp^ is the standard Kahler form on CP^, normalised such that the volume form 
on is given by V 0 I 57 = ^R'^d'ip A as discussed in appendix C.2. 

If we compactify to type IIA by reducing along ?/), we see that = ^jJ is dual to the 
DO-brane charge on CP^, while it would appear that '02 is related to D2-branes wrapped 
on CP^ C CP^, 'ipi to D4-branes wrapped on C CP^ and 'ipQ to D 6 -branes wrapping 
CP^. In fact as we will discuss in section 5.3, one can use this picture to determine 
the periodicities of angular coordinates. However, in contrast to the case discussed in 
section 4.1, this picture is not really consistent. In constrast to the DO-branes, the moduli 
space of the D2-branes on CP^ is not itself CP^, so there is no justification for viewing the 
wrapping number of the D2-brane charges as corresponding to Kaluza-Klein modes for a 
circle fibered over CP^. The same is true for the D4- and D 6 -branes. Similarly, again 
in constrast to the discussion, there is no duality symmetry exchanging the different 
brane states. 

Notwithstanding these problems of interpretation, one can define a sensible p 7 ( 7 ) xM+ 
extended geometry on X. The generalised tangent space has the form 


P ~ PA © 7r*p2 © 7r*p2 © 7r*T*B © 7r*A^T*B © 7r*{T*B © A^T*B), (5.3) 


where P" C A'^T*B is the bundle of primitive n-forms on the base B = CP^ (recall 
an n-form a is primitive if {oj^p 3 )'^'^amnpi...pri -2 — 0)- components of V G P can 

be matched to those in the conventional generalised tangent space on M = 5*^, as given 
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in (2.4), as follows. Consider the two-form cj £ h?T*Ui, the five-form a £ A^T*Ui and the 
tensor t PJT*Ui on a patch Ui G M and expand them as 

00 = X2R^oocp3 + Pi+G A d'tjj, 

(T = (^^X^R^oo£^p3 A oj(pp3 A dip -|- y?, (^•'^) 

T = XeRdip (g) V 0 I 57 + jp A dip, 

where f3ip are primitive two-forms, and id,pf3i,2 = 0. Using (5.2), we then identify A 2 , A 4 
and Ag with the vector components v'^'^ and oi v ^TX respectively, while 7 is in 
7r*T*B, if is in 7r*A^T*B and p is in p*{T*B® A^T*B), while jdip are in the two 7 r*P^ parts 
of E. As in the case, they imply that E is actually defined as an extension, and that 
the components ,di, 2 ) 7 and so on, are not globally forms. Choosing suitable connections, 
one can always define the corresponding “untwisted” objects as in (4.17), which are global 
forms. 

For what follows we need two results. First, the xM+ structure on E follows di¬ 
rectly, using the identihcations (5.2), from the corresponding structure on the conventional 
generalised tangent space (2.4). Similarly, the generalised Lie derivative takes the standard 
form form (2.5), namely. 


LvV' = {V-d)V' -idx^dV)V', (5.5) 

where the projection Xad uses the aforementioned Ejpj-^ xM'*' structure and we have 

d]\/[ {dcx, ? 5 ^pQ 5 ^5 * * * 5 d) . (5.6) 

where, given coordinates on CP^, we use = {x°‘,ipo,ip 2 ,ip 4 :,ip&) coordinates on X. 
Although we will not give the expressions here, as in section 4.1 by using the untwisted 
objects both the Ej(j-^ invariants and the generalised Lie derivative can be written a man¬ 
ifestly covariant form, dependent on the connections on the four ?7(1) bundles, which in 
turn are determined by the flux A and the Hopf fibration of S'^. 

5.2 Non-geometric frames for 

We construct a new non-geometric frame Ea on 5^ from the geometrical one Fa defined 
in (2.24), following the procedure discussed for in section 4.3. Many of the details 
are relegated to appendices C and D. The generalised Weitzenbock connection is used to 
calculate the corresponding algebra of generalised Lie derivatives using (4.40). Concretely 
we have 

Ea = U^aFb, (5.7) 

where U is an SU{8) rotation, and as such does not change the generalised metric, that is 
the geometry remains a round 5^ with F flux. The structure constants for {Fa} and {Ea} 
are related by the analogue of (4.44), namely, 

Xab^ = + T^^'^ab^, (5.8) 
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where again = U^aU^b{U fYde^-, 

K^b = -{U-Yc^U^b- (5.9) 

is the difference in the Weitzenbock connections for {Ea} and {Fa}, and is the 

projection of K onto the torsion representation 56 + 912 of 

Decomposing under SL{8,'R), as in (2.1), we find that, for the 50(8) gaugings only 
the 36 and 36' representations of Xab^ are non-zero 

= -R-^ sin w (5'^', cos cj 5ij. (5.10) 

Equivalently, decomposing under SU{8) as 

912 = 36-h 36-h 420-h 420. (5.11) 


and comparing with the spinor index form of the algebra (2.16), we find only the 36 and 
36 parts are non-zero 

X»P = Xai3 = R-^e^'^Caf}. (5.12) 

(Note that the vanishing of the 56 component of Xab^ is the generalised geometric ana¬ 
logue of the unimodular condition of Scherk-Schwarz reductions [15].) 

We construct the U rotation as the combination of two separate SU (8) transformations 
U = U"U'. The first rotation U' exactly follows the construction on 5^. Viewing S'^ as a 
Hopf fibration over breaks the 50(8) isometry group to 50(4) x U{1)h, where U{1)h 
is the action on the Hopf fibre. The first SU{8) rotation is by this U{1)h subgroup, and 
depends on all the extra coordinates i/jq, 'ijj 2 , and i/jq. The construction is easiest in 
spinor indices. We have the series of subgroups 


SU{8) D Spin{8) 

U U (5.13) 

50(6) X SU{2) X U{l)c D 50(4) x U{1)h 


where U{1)h is a subgroup of SU (2). We can see these embeddings explicitly by introducing 
two real, orthonormal Spin{8) spinors, invariant under 517(6) C 517(8) 


such that 



1 

0 


/u\ 

1 

II 

e-H 

0 - • • c 

-n" — 

) 72 — 

0 


with = 5al3, 


A "/3 = ViV 2 f} - V2V10 = 


( ° ^ 

-1 0 

\ 


(5.14) 


(5.15) 
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generates U{1)h-, and 


= 2r]fr]ifi + 2r]^r]20 - = M' 


-U 


2 -^ 6 ^ 


(5.16) 


generates [/(l)c'- 

Decomposing the frame {Fa} = {Fa/ 3 , under SU{6) x SU{2) x C SU{8) 

we have 

28 = (15, l)_i + (6, 2)+i + (1, l)+3 ^ 

{Fa/3} = {4/3} + {^«l4a2} + ^2 

and similarly for the complex conjugate, where we decompose indices a = (l,2,d). The 
analogy with the case is that F 12 corresponds to the singlet , while Fai + iFa 2 
correspond to F{i) charged under U{1)h, and corresponds to F^. As there, we consider 
a U{1)h rotation, F(^ = U'^aFb, expressed in SU{8) indices as 


C /'“/3 = ( exp / A )“/3 = 


^ cos/ sin/ 
— sin / cos / 

V 


(5.18) 


such that Fr “/3 = —(d/)A“/ 3 . As in the case we choose the function / such that 


4/3(/) = 4/3(/) = 


c/R for E '12 = Fi 2 
0 otherwise 


(5.19) 


Showing that such a suitable / exists is a somewhat lengthy calculation, the details of 
which are presented in the appendices C and D. We hnd 

/ = a('0o + 3?/>4) + ^(3/’2 + IV'e), (5.20) 

giving c= -^b- ^ia. 

We can then calculate the corresponding algebra for F(^ = U'^aFb using (5.8). We first 
note that since U' G Spin{8) we have = Yab^■ Taking care to get the normalisations 

correct we then hnd that the 36 and 36 parts of are given by (see appendix D) 

rp(K)a0 = 2F"^ (a + ii 6 ) = 2F"^ (a - ^ib) Fa/ 3 , (5.21) 

where 

F“^ = <4 + , (5.22) 

and in addition the 28 and 420 (and their complex conjugate) components vanish. If we 
now hx the constants so that 

(1 - 2a) - |i 6 = (5.23) 
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we then have 


X'ap = _R -1 


^a0 ^ ^g-4ia; 


1 ) L“^ 



Kp = R-" 


Ca0 + - 1) L, 


OL^ 



(5.24) 


This new embedding tensor is actually equivalent to the Dall’Agata et al. ten¬ 

sor (5.12) under a constant U{l)c C SU{8) rotation. Explicitly, we make a second trans¬ 
formation Ea = U"^A&B — {U"U')^aFa with 

/ -3iuj/2-. \ 

= (exp[-i.;z.])“^ = r ^ J • (5-25) 

Since the transformation is constant the corresponding K^b vanishes and from (5.8) we 
have the new embedding tensor 


X<^0 = Xo,0 = R-^F‘^Ca0, (5.26) 


as for Dall’Agata et al, as required. Using the decomposition (5.17), the combined trans¬ 
formation can be written explicitly as 


= 

Ea± = e'(-‘"±^)F5±, 

Ei2 = e-3'‘"A2, 


(5.27) 


where Ea± = E^i ± iE'Q, 2 - We have found an explicit non-geometrical frame realising the 
general 50(8) gauging. 


5.3 Quantisation and global strncture 


In section 5.1 we saw that naively the extended space coordinates ^po, '02, 4’a and tpQ are 
associated to DO-, D2-, D4- and D6-branes on CP^ respectively. Such a correspondence 
allows us to use the brane charges to fix the periodicities of the corresponding circles, just 
as in the 5^ case, where the winding string states fixed the periodicity of the dual 4’ circle 
to be dvr/g. As we discussed, this picture is not really consistent because the moduli spaces 
of the D2-, D4- and D6-branes are not themselves CP^. Nonetheless it is the only tool we 
have to try and fix the relevant periodicities, and it is interesting to see what it implies. 

Following [61, 62], the masses of the D2n-branes wrapping CP^ cycles in CP^ are 
calculated in appendix E, and then converted into radii in M theory units. To keep things 
as general as possible, we actually include the possibility that the seven-dimensional space is 
the ABJM [63] Hopf-fibre quotient 5^/Zp. Using the relations (5.2), we match these masses 
onto Kaluza-Klein masses for the four circular coordinates, and arrive at the periodicities 


27r 27r 

-, 42^42 + 4 —, 

P P 

i i 27r , , ^ 27f 

4 a ^ 4 a -\ -, V’6~U6 + 3/5 , 

q q 


(5.28) 


30 - 






where P = y/pj2q. 

We now see what these periodicities imply for the non-geometric frame (5.27). From 
appendix C.2, we see that the and E 12 components are independent of all the V’ 2 n 
coordinates, but Ea± has the dependence 




(5.29) 


As in the case the frame is constructed as a Killing spinor bilinear, so for the Killing 
spinors to be globally defined we need phase factor single valued. This 

implies 

|a = pno — 1 = ^qn4, ^/36 = pn2 = qn^ (5.30) 

for charges n* G Z. It is encouraging that we find the second of these relations here, as it 
is noted in [63] that the only allowable configurations of n 2 i52-branes and ng Z)6-branes 
in this geometry must satisfy this relation. 

The conditions (5.30) ensure that the frame is globally well-defined on the extended 
space. However, in order that the frame realises the Dall’Agata et al. algebra, we also had 
to choose the constants a and b to satisfy (5.23). This implies a quadratic relation between 
the D-brane charges rii and the geometric data p and q, namely. 


1 - 


Aqn^ 

3 


2 

+ 2pq 



(5.31) 


It is simple to check that the only solutions for p, q, rii G Z, have a = 6 = 0, which implies 
cj = 0. This conclusion also holds if we require only the frame Ea to be globally defined 
and not the Killing spinors themselves. The non-geometric frames fail to satisfy the desired 
quantisation conditions. Therefore, we are led to the conclusion that when one uses the 
only tool we have to fix the global properties of the extended space, there are in fact no 
new solutions. 


6 Conclusions 

The first part of this paper proved a no-go theorem that the generic SO {8) gaugings 
of [1] cannot be realised as a consistent truncation of either eleven-dimensional or type II 
supergravity, or as truncations of extended spacetimes that satisfy the section condition. 
This strongly suggests that if they are to be realised in string or M-theory the background 
must be intrinsically stringy, and so not captured by supergravity, or by T-fold or U-fold 
backgrounds that still admit a local supergravity description. We also proved a similar no- 
go theorem for the generic SO {A) gaugings of half-maximal seven-dimensional supergravity 
of [28, 29]. 

The second part of the paper is much more speculative. Introducing the minimal 
number of additional coordinates possible, we showed, building on the results of [15], that 
the standard geometric round solution admits a family of non-geometric generalised 
frames. The frames depend on the additional coordinates in a way that violates the section 
condition. Assuming the generalised Lie derivative nonetheless takes the standard form. 
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we showed these new frames reproduce the algebra of the generic 50(8) gaugings. We 
also showed that an analogous set of generalised frames on 5^ reproduces the generic 
50(4) gaugings. In both cases, although at one point the frame defines a conventional 5*^ 
geometry, for generic values of the scalar helds in the truncation, the uplifted background 
is non-geometric. 

By associating the additional coordinates to the charges of corresponding wrapped 
branes, we where able to hx their periodicities. For the 50(4) case, requiring the frame 
to be globally defined restricted the allowed gaugings to a discrete set given by | cot w| = 
1, 2qn ± 1,4(7 zb 1,... where q £ Z, labels the number of units of Ff-flux. For the 5^ case, 
we found that there were no global solutions other than that giving the standard cj = 0 
geometrical 50(8) gauging of [2]. It was shown in [8] that the gauging parameters should 
be continuous, thus even for the 50(4) case we seem to be missing some of the possible 
gaugings. 

These results are consistent with the detailed AdS/CFT analysis of [9]. There it was 
shown that the standard boundary conditions for fluctuations in AdS^ of the generic 50(8) 
gaugings are only supersymmetric for the standard cu = 0 case. However, there is an AF = 6 
truncation which classically is independent of oj, does preserve supersymmetry and simply 
corresponds to the ABJM background [63]. From (5.27), we see that the components of 
the frame are globally defined and geometrical, independent of all the angular directions xjji 
(in fact they are defined on the quotient S'^ jZp). They are invariant under SU (2) C SU (8) 
and hence define a background preserving AF = 6 supersymmetry. Furthermore, under the 
generalised Lie derivative they define an 50(6) gauging. They thus give the uplift the 
AF = 6 truncation discussed in [9] . 

As we have stressed, finding a section-violating frame that reproduces the correct gauge 
algebra is not the same as showing the model can be uplifted to string or M-theory, precisely 
because an understanding of DFT and its M-theory cousin away from toroidal backgrounds, 
and furthermore when the section condition is violated, remains an open question. First 
one needs to define an appropriate extended geometry. As discussed in section 3, this 
always requires some additional structure on the underlying geometrical space. For the 
case of 5^, it requires identifying a vector field and one-form on 5^ corresponding to the 
Hopf fibration. One can then define a four-dimensional T-fold space by also including the 
T-dual of the Hopf fibre, and a generalised tangent space which admits a covariant global 
0(3, 3) metric and generalised Lie derivative. The 5^ case is under less control. Reducing 
to type HA on CP^ along the Hopf fibre, we introduced addition circle coordinates that 
naively were dual to wrapped D2-, D4- and D6-branes along with the DO-branes from the 
Hopf fibre. However in this case there is no duality transformation relating these fibres. 
Furthermore, the D2-branes and D6-branes moduli spaces are not CP^ and so it is not clear 
how they define a fibration. Furthermore, for both the 5^ and S'^ cases, the generalised 
frame violates the weak form of the section condition. In a string context this implies 
that modular invariance is violated and so is a radical departure from standard string 
constructions. For these reasons, despite showing that there is a self-consistent way to 
realise the generic 50(8) gauge algebra in an extended geometry, we remain sceptical as 
to whether this provides a way of realising the theory in M-theory. This, together with the 
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fundamental problem of defining the additional coordinates for non-toroidal backgrounds, 
suggests to us that a different approach is needed if the generic gaugings are to be realised 
in M theory. 
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A A no-go theorem for SO{A) gaugings 


In this appendix we derive a no-go theorem for local geometrical lifts of the SO {4) gaug¬ 
ings (4.1). Such a lift requires a frame {Ea} = satisfying the algebra (4.2). The 

proof of the theorem follows closely that for the 50(8) given in section 2.2. 

We can expand the frame 


Ea — Ua + ■ ■ ■ , E^ — Va + ■ ■ ■ , (A.l) 

where the -I-... represent the one-form parts. Since both E^ and E^ form su(2) alge¬ 
bras and su(2) is simple, we can again conclude that none of the Ua and Va can vanish. 
Furthermore, given the frame is orthonormal, that is the generalised metric satisfies 


G{Ea,Eb) 


(Sab o\ 


(A.2) 


we again have that {E^, are generalised Killing vectors. Crucially the condition 
LplE^ = 0 implies that [ua,Va] = 0. Thus we have six non-zero Killing vectors generating 
the so(4) = su(2) 0su(2) algebra. We are forced to conclude that the local geometry is the 
round 5^ with constant E-flux, and, up to an irrelevant global 50(4) rotation we have 

Ea = 'TaE ■ ■ ■, = tancj fa -I- ..., (A.3) 


where and la are the right- and left-invariant vector fields on 5^ given in (B.2). 

Recall that we showed in [15] that the round 5^ geometry admitted a (global) gener¬ 
alised frame, given in (4.4), such that 

F^ = ra + ..., Fi: = l-a + .... (A.4) 
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Since any other orthonormal frame must be related by a local SO{3) x 50(3) rotation, we 
need a local 50(3) x 50(3) transformation U such that 

Uj’vb = Vb, Ua^Vb = tan ujva. (A.5) 

Taking the norms of each side in the local 5^ metric, it is clear that there is no such U 
unless oj = which is the case of the original 5^ gauging. As for the new SO (8) gaugings, 
we have now shown that there is no way to realise this family of gauge algebras with a 
local generalised frame. 


B conventions 


We take the metric on 5^ 


ds2 = 


+ sin^ + {dij) + cos 6d(t)Y 
where ip — 'Y d- dir. The standard left- and right-invariant vector fields are 


l+ = li+il 2 = 2R ^e [5e + iCSC 000 — icot 05^], l 3 = 2R 
r+ = ri -|- ir 2 = 2 R~^Rd \ qq^ _ j ^ 

with the corresponding left- and right-invariant one-forms 

A+ = {dO + i sin 6d(p ), A 3 = ^R {dip + cos 6d(p ), 

/ 9 + = (d0 — i sin 9dip ), ps = ^R {dip -|- cos Odip). 


(B.l) 


(B.2) 


(B.3) 


C 5^ conventions and calculations 
C.l Definitions for {Fa} frame 

We briefly review the definitions of some objects from [15] used to construct the generalised 
frames {Fa} on 5^. We consider constrained coordinates y*, for i = 1 ,..., 8 with 6ijy^y^ = 
1. In terms of these variables, the round metric on 5^ takes the form 

ds^ = R^dslr = R^dijdy^dyF (C.l) 

The Killing vectors Vij were expressed in terms of the conformal Killing vectors ki (satisfying 
kdkig = -2y''g) by 

Vij — R {yikj yjki) , (C.2) 

We also define 

ujij = R^dyi A dyj, 
r5 

aij = * ujij = A dy^^ = -ik^k^ volg, (C.3) 

Tij = R{yidyj - yjdyi) ® volg 
where ^ 

volg = vol^r = ^e^,...isy'^dy^^ A • • • A dy^\ (C.4) 
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C.2 The Hopf fibration 

To define the 5^ as the Hopf fibration over CP^ we introduce the complex coordinates® on 

z^=y^+iy^, z‘^ = y^ + [y^, z^ = y^ + iy*^, = / - i/. (C.5) 

The unit sphere is defined by the constraint z'^Za = 1, where Za = and CP^ is the 
quotient of S'^ by the U{1) action —?> e*“z“. The metric (C.l) can be written as 

ds^T = dz'^dza = + ds^ps, (C. 6 ) 

where 

A = Ai {z'^dza - Zadz '^), (C. 7 ) 

and ds^p 3 is the Fubini-Study metric on CP^, manifestly invariant under an SP(4) action 
on 

ds^pa = dz'^dza - (z'"dza)(zbdz^). (C.8) 

Note that one can also construct the corresponding Kahler form on CP^ 

i0£p3 = ^idz“ A dza, (C.9) 

such that 

V0I57 = AAvolcpa, volcpa = ^w^pa, (C.IO) 

where throughout we are using z'^dza + Zadz'^ = 0 as a result of the constraint z^'Za = 1. 
Introducing the unconstrained coordinates 



z* = rR'^w'', i = 1,2,3 z‘^ = rR'^ , 

(C.ll) 

where r^(l -|- w^Wi) = 

1 on 5^, one has the standard expressions 



A = d'lp + A, A = |ir^(t(;Mu)j — thjdtc*), 

(C.12) 

and 

0JCP3 = ^i (r‘^6i^ — r^WiW^^ dtc* A dwj. 

(C.13) 


We can then see explicitly that dH = 2 a;cp 3 . 

In terms of the real coordiantes y*, we note that 


A = ^Qijy'dy^, Wcpa = ^^ijdy' A dy-^, (C.14) 

where H is the 5'17(4)-invariant symplectic form on C^, with the non-zero components 
Hi 2 = H 34 = H 56 = —H 78 = 1. Hence for the objects defined in appendix C.l, one finds 

= R~^d^, = R^uicps, 

AHjjcr*-^ = *a;cp3 = R^X A ^w^pa, = A?A (g) volg . 

^The minus sign in the definition of z'^ here ensures that the orientation of the complex structure matches 
the SU{4) decomposition of the spinor representations in appendix D, see e.g. equation (D.31), as we use 
the negative chirality representation (D.2). 
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D £' 7 ( 7 ) X M'*' generalised geometry in SU(8) indices 

In this appendix we provide expressions for £' 7 ( 7 ) x M'*' generalised geometry objects ex¬ 
pressed in SU{8) indices, following the conventions of [13, 14]. 


D.l Gamma matrix conventions and formulae 

We follow the conventions of [14], Briefly, these include taking the representation of 
Cliff (7, M) with 7 ^’^) = —i and building a representation of the Spin{8) algebra via 


7*^ = 


ab 


i = a, j = b 


7 




This representation has negative chirality as 




We have the useful completeness relations, 

7 aphj — -‘■00^^, 




= 16^, 


(D.l) 


(D.2) 


(D.3) 


where and we use the transpose intertwiner C = to raise and lower spinor 


indices, and a Fierz identity, which also serves as our definition of eai...as: 

41 foQ:'/3/3'77'(55'7 7 -^7 [aa '7 / 3 / 3 '] 7 [aa '7 / 3 / 3 ']‘ 

Another Fierz identity we will need is 


^a/37*'^/3'a' 


1313 ' = -4Gq 

where we use the antisymmetrisation convention that aa' = [aa']. 


(D.4) 

(D.5) 


D.2 Index conventions 


First we split the x M'*' frame index A = 1,... ,56 into a pair of antisymmetrised 

indices under the SL{8, M) subgroup as 

V = V^Ea = i G E. (D. 6 ) 


An example of such a frame is the “conformal split frame 

-^aS ^ai Eq}) ^^afoci...C5-^ 

TptaS 1 ^ £ia, 6 i ...67 

^ — 7!^6i...67-^ ? 


C5 




where we split i = (o, 8 ) and define 

Ea = (^i-a + ica^ + '^ia^ 

+ jA A iia^ + gjb4 A A A iea -^) 

^ gA I'gab + ^ ^ gab _ gab ^ ^ gab^ ^ 

^ai...a5 ^ gA ^gai...a5 ^ gai...a5^ ^ 

^a,ai---a.7 _ gAga,ai...a7 


(D.7) 


(D. 8 ) 
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given a conventional frame {ca} for TM and its dual {e“} for T*M. Conformal split 
frames always exist, and any other frame is related to (D.7) by a general local -£' 7 ( 7 ) xM"*" 
transformation. 

Given two generalised vectors V,V' € E of the form (2.4), the £^ 7 ( 7 ) symplectic invariant 
defines a top-form 


ly, V) = i {iy - vr + a A cj' - a' A cj) G A^T*M, (D.9) 

where {ivT)mi...mj = v'^Tm,mi...mT The £7(7) xM+ frame {Ea} has 

= {Eij,Eki)=0, =0, (D.IO) 

where <1>^ G hJT*M is a volume form that depends on the choice of frame, and scales under 
the action of For a split conformal frame it is given by <I>^ = e^^e^'"'^. In terms of the 
generalised metric G, defined by {£a} via (2.10), it is vole = e^^ volg. 

The symplectic invariant (together with the density 4>) defines an isomorphism between 
£ and £*, and so we can introduce a similar decomposition for the dual basis {£"^} G £* 

W = WaE^ = i(lT“'£ii/ + lTii/£'“') G £*, (D.ll) 

where Eui = —2<h“^£jj/ and £'**^ = so that, for example, for the conformal 

split frame, we have £^“® = 2e“^e“. The factor of two is conventional, and implies the 
contraction between V £ E and VF G £* is given by 

V-W = V^Wa = + Fn/IF“'. (D.12) 

In particular the derivative along V is given by 

dv = V^dA = = v^dm, (D.13) 


where, in the conformal split frame, if V has the form (2.4) then = e and das = 
^e^da- 

One can similarly decompose Ea under SU{8) as 

F = V^Ea = h , (D.14) 

where £““^ is the complex conjugate of E^a'- We use the common 50(8) group to relate 
the two frames via gamma matrices as 


Eafi 32 O a/S (^E{{i '^E^j^i ), 
such that the components are related by 

W./3 = -i7n'a/3(W''-iW''). 


(D.15) 


(D.16) 
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The orthogonality relations (D.IO) under the symplectic pairing now read 



{E^fi,E^s) = 0, = 

(D.17) 

For W G E* we expand 



IT = WaE^ = 


(D.18) 


where the components and Wa^ of the dual vector W ^ E* are defined as in (D.16). 
The contraction (D.12) then reads 


= + (D-19) 


D.3 Torsion 


In order to calculate the structure constants of the algebra via (5.8) we need an expression 
for the projection of K = D — D', the difference in SU{8) generalised connections, 
onto the torsion representation. 

The normalisation of the SU{8) action of K on Ea is given by 


K ■ Eal3 = aE^P + pEa'y, 


(D.20) 


where K is a matrix valued-section of E*, satisfying K = —K^ and tv K = 0, with compo¬ 
nents, if we expand following (D.18), 


+ K^aEsE^^'). 

Decomposing into SU{8) representations we have 

^aa'7^ ^ 28 -h 36 + 420 + 1280, 

Kaa^s ~ 28 -h 36 -h 420 -h 1280. 


(D.21) 


(D.22) 


while the torsion decomposes as 

56 -h 912 = 28 -h 36 -h 420 -h 28 -F 36 -F 420, 

where T'“^ = —is the 28 component and T“^ = r^“ is the 36 component, while 
j'aP'y^ _ ^[ 0 / 37 ]^ with = 0 is the 420 component. For the 517(8) connection K, up 

to normalisation, we have 

~ (D.24) 

rp{K)aP'^^ ^ 

For the K of interest we will see that only the 36 component is non-zero. However, to 
calculate (5.8), we will need the normalisation of this component compatible with the iden¬ 
tification (5.12) from the algebra (2.16). We first recall that given V G E, the tensor T(y) 
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lies in the adjoint representation of -£’ 7 ( 7 ) xM"*". Using (4.40), we see that the algebra (2.16) 
can be written as 


= -T^{Eo.^) • E^5, = -T^{E^p) • , 

where T^{Eap) acts only in the SU{8) subgroup of £' 7 ( 7 ) xM+, with 

T^iEa^Vs = 


(D.25) 


(D.26) 


and = -Xa^ = -R ^e'^C'„/ 3 . 

We now need to calculate the corresponding component of . We start by noting 
that, with the conventions of section D.2, the generalised Lie derivative (2.5) takes the 
form 

16(Li/W)“"' = + U^yaT'T'')lU“"' 

+ 2(5“T''U^y)WT'“' - 2(5^yU“T'')lU^“' + i(9.^yU^^')W"“' 

16(LyW)„„, = i(U^^'a^y +U^ya^^')W„„/ 

- 2(5^^'u„y)iu^„' + 2((9„yU^^')W^„/ + 5(5^^'u^y)W„„/ 

- 3(9[qq,/V)3^/] - ^eaa'lip''y'y'55'd^^ , 

where again we use the convention that repeated indices with primes are antisymmetrised, 
so aa' = [aa']. If we set Vaa' = 0, and keep only KaaE we find 


(D.27) 


(r(^)(U) • 1 U)"“' = 

= ^U^^'(iL.,y“, + 2K,.,“y - 2iL,/y(i“ - 

= 2r('^)(u)“,iu"“'. 


,, (D-28) 


From the normalisation (D.14) we see that T^^\V) = ^V^^^T^^^Ea/s), and from (D.26) 
we see that the 36 component is given by 

= -firW(£^a)^/3 - |ir(^)(£^y3)^a. (D.29) 

Comparing with (D.28) we find 

(D.30) 

D.4 SU{4:) decomoposiiton of {Fa} 

We start by calculating the form of the singlet £12 in the decomposition (5.17) of {£ 71 }. 
Fixing the 517 (4) singlet spinors tji and 772 by^*^ 

= -7^®72 = Vi (D.31) 

^°The minus sign before 7 ^® here is necessary as we are in the negative chirality representation (D.2). 
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(D.32) 


we note that, using (2.9), 

^12 =- i^y = - i^y- 

Let us choose a gauge where the six-form potential is given by 


A( 6 ) = —^R^dip A ^ A oj‘^p3 (D.33) 

where A is the Hopf fibration connection (C.12). It is easy to check this leads to the desired 
flux 

F( 7 ) = d24(6) = A oj^p3 = QR~^ V 0 I 57 . 

Using 


I vol. 


^ Acj^ps, jAAu;B = RA 
and the definitions (2.24) and relations (C.15) we find 

= R-^d^ + R^X A - R^A A iu;2p3 

= R~^d^ + R^dip A \oj^p3-, 

= R^uiQpa + R\ 0 volg —RA (g) volg 
= R^ucpi + Rdp} (g) volg . 


9! 


(D.34) 

(D.35) 


(D.36) 


and hence 


A 2 =-^i(.R + R^dip A\iJ^pz) - ^[R?ucp3 + Rdip ®Yo\g). (D.37) 

Rather than calculate the other SU{A) components in (5.17) explicitly, for the calcu¬ 
lation in section 5.2, we only need to know the combinations of 9^, w^ps, d'i/' A cucps and 
dip (g) volg that appear in F^i and Fa 2 - The easiest way to calculate this is using 
the symplectic invariant of Ejf^jy Recall that the frame {F^} satisfies the orthogonality 
relations (D.17) with = e^^vol^. Let us focus on the subspace of E spanned by dy, 
uj£p3, dip Auj£p3 and dt/^^volg. Using the fact the symplectic pairing of F-^, F^i and Fa 2 

with both Fi 2 and must vanish, we find 

= (...) {R~^dy - XR^dip A Wcps) +(•••) (l-R^cps - Rdip (g) volg )+..., (D.38) 

since only these combinations have vanishing symplectic paring with F 12 and F^^. 

Finally we note that, since dwcps = d(d^/’A w^ps) = 0, we have from (D.37) and (2.5) 

Tp^2 ~ ^9^- (D.39) 

From the algebra (2.16), we have 

^Fi2^ap ^ ^ l'^R~^Ea2, Lp^^Fa2 = -|iF“^Fai, (D.40) 

Hence we can conclude that, in the coordinates (C.ll), is independent of ip while for 
Fa± = Ffii ± iFa 2 we have Cd^Fa± = ±2iFQ± and hence have the dependence 

F5^ = e±2i^ [...]. (D.41) 


Fal 

Fa2 
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D.5 Calculation of 

We first need to satisfy the condition (5.19) on /. Given the form of (D.37) and (D.38) 
and the identifications (5.2), we require 

(5^,0 - f 

f 

“ 16^ “I" / “ Te (^V’2 f 

which has the solution 

/ = a(V'o + 3V’4) + f)('02 + IV’e), c=-^b-lm. (D.43) 

We then have, since = — (d/)A“,g and Fa/sif) = cR~^Rai3, 

K{F^pVs = -cR-^Ro.pX^5. (D.44) 

where A is given by (5.15) and Kafi = ■ From (D.24), we see that the 420 and 28 

parts of vanish. For the 36 component, we first note that the normalisations (D.14) 
and (D.19) lead to K{Fa/s)'^s = -^Fajs^s, and then from (D.30) we have 

tF) = S\cR~^Lcti3 = 2R~^{a — ^\h)Lap. (D.45) 


= 0 , 

= 0, (D.42) 

= c, 


E Type IIA and charges 


The reduction of j'Lp on the Hopf fibre to IIA is presented in [63] . We use the conventions 
of [60], though here we dualise the “democratic” RR fluxes F(6) and F(8) in the equations 
of motion, thus keeping only F( 2 ) and F( 4 ). Equivalently, one can merely start from the 
action 


S = 


2k2 


/ 


-5(e-2^(77 + 4(d<^)2-A/72 


-\f} 


-\fI 


2 ^ ( 2 ) 2 -^ ( 4 ) 


“ i-S(2) AF(4) AF(4) 


(E.l) 


The type IIA string frame metric is related to the eleven-dimensional on AdS 4 xS'^/Zp 
in M theory units by 

S'liA = — ^^-R^dsAdS4 + -^^ds^ps^ , (E.2) 

where ds^ps is the standard metric (C.8) and flux quantisation requires that 


R® = 327r^pg, 


(E.3) 


for some integer q. The remaining non-zero IIA fields are given by 

3R^ 

F 2 = 2pu}, F 4 = volAdS 4 • (E-4) 

Noting that the unit AdS 4 and CP^ spaces are Einstein with the respective Ricci tensors 



’^AdS4 — “35AdS4) — +8g£p3, 


(E.5) 
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we see that these satisfy the ten-dimensional equations of motion following from the ac¬ 
tion (E.l). 

We now calculate the masses of H^-branes wrapping the non-trivial cycles of CP^ 
following [61, 62]. The mass of a Dre-brane in type IIA units is given by (see e.g. [64]) 

Mn,llA = Vol(C), Tn = g;\2TT)-^, (E.6) 


where gs = e'^ is the string coupling, Vol(C) is the volume of the brane wrapping C and 
we have set oi = \. We are interested in the Dn-branes wrapping the cycles of CP^. 
We wish to define circles spanned by extra coordinates, whose radii are such that the hrst 
KK modes around these dual circles give precisely the masses of the wrapped branes. We 
therefore set 

Rn,llA = [Mn,llA]~^- (E.7) 

From (E.2), there is an overall factor which gives the conversion between string units and 
M theory units 

'p\i/2 

.RJ 


(Lengthy) = 

pW/2 


(LengthjiA), 

•pW/2 


Rj 


R. 


'n,IIA- 


(E.8) 

(E.9) 


so we define 

/ r)\ 1/2 

PiiA and Rn,M = 

Using the standard normalisations as in section C.2, we have the volume forms volcp" = 
and J^pn ‘^cp 3 = Hence, in IIA units we have the volumes 

Vol(CP") = ^vr^PitA- 

The masses of the wrapped D-branes in IIA units are thus 

P 


(E.IO) 


M, 


n,IIA = 


PlIA 


p2 

^IIA 


(E.ll) 


All this results in the radii for the dual circles (in M theory units) 

M 


^0,M — — 

P 

R 

g 


R2,m = /3 


P 


Rs,m = 3/3—, 
g 


(E.12) 


where /3 = a/^- 
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